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Abstract 

A non-time-homogeneous generalized Mehler semigroup on a real sep- 
arable Hilbert space H is defined through 

Ps,tf(x)= f(U(t,s)x + y)fj, t)S (dy), t>s, 
Jm 

for every bounded measurable function / on H, where (U(t, s))t> s is an 
evolution family of bounded operators on H and fit,s is a family of prob- 
ability measures on (H, 3§{M)) satisfying = fx t>r * \^r,s U{t,r)~ 1 } for 
t > r > s. This kind of semigroups is closely related with the "transi- 
tion semigroup" of non-autonomous (possibly non-continuous) Ornstein- 
Uhlenbeck process driven by some proper additive process. We show the 
infinite divisibility and a Levy-Khintchine type representation of fit,s- We 
also study the corresponding evolution systems of measures (=space-time 
invariant measures), dimension free Harnack inequality and their appli- 
cations to derive important properties of p s j. We also prove the Harnack 
inequality and show the strong Feller property for the transition semigroup 
of semi-linear non-autonomous Ornstein-Uhlenbeck processes driven by a 
Wiener process. 
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1 Introduction 

Generalized Mehler semigroups (pt)t>o on a real separable Hilbert space H, which 
have been extensively studied in [BRS96, SS01, FROO, LR02, RW03, DL04, DLSS04, 
LR04] etc., are defined by the formula 

Ptf(x) = [ f(T t x + y) iHidy), t > 0, x e H, / G B b (B). (1.1) 

Here -B&(H) is the space of all bounded Borel measurable functions on H, and 
(Tt)t>o is a strongly continuous semigroup on H and ([it)t>o is a family of proba- 
bility measures on (H, «S^(H)) satisfying the following skew convolution semigroup 
condition 

Ht+8 = Us * {m °T~ l ), s,t>0. (1.2) 

Condition (1.2) is necessary and sufficient for the semigroup property of (pt)t>o- 
for all t, s > 0, ptp s = pt+s on B&(H) (and the Markov property of the correspond- 
ing stochastic process respectively). 

The transition semigroups of Levy driven Ornstein-Uhlenbeck processes are 
typical examples of generalized Mehler semigroups. See e.g. [App06, PZ07]. It is 
shown in [BRS96, FROO] that under some mild conditions the reverse result also 
holds. 
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Recently, much work, for instance, [DPL07, DPR08, GL08, Kna09, Woo09], 
has been devoted to the study of non-autonomous Ornstein-Uhlenbeck processes. 
In these papers, the drift is time-dependent, and the noise is modeled by a station- 
ary process, e.g. a Wiener process or Levy process. To get a full non-homogeneous 
Ornstein-Uhlenbeck process, it is natural to consider a more general noise given 
by non-stationary processes such as additive processes. To be more precise, let 
us describe our framework in detail. 

Let (A(t), 3>{A{t)))tm, be a family of linear operators on H with dense do- 
mains. Suppose that the non-autonomous Cauchy problem dx t = A(t)x t dt, t > s, 
with initial condition X§ — X . IS well posed (see [Paz83]). That is, there exists an 
evolution family of bounded operators (U(t, s))t> s on H such that x(t) = U(t, s)x 
for x G 3t(A(s)) is a classical unique solution of this Cauchy problem. 

Recall that a family of bounded linear operators {U(t, s))t> s on H is an evo- 
lution family if 

(1) For every s G R, U(s,s) = I and for all t > r > s, U(t,r)U(r, s) = U(t,s); 

(2) For every x G H, (t, s) — > U(t,s)x is strongly continuous on {(t, s): t > 
s;t,se E}. 

An evolution family is also called evolution system, propagator etc.. For more 
details we refer e.g. to [Paz83]. 

Let (Z t )t> s be an additive processes in H, i.e. an H-valued stochastic con- 
tinuous stochastic process with independent increments, and (B(t)) t £R a family 
of bounded linear operators on H. Consider the following stochastic differential 
equation 

' dX t = A(t)X t dt + B(t)dZ t , 
X s = x. 

We call the following process a mild solution of (1.3): 

X(t, s, x) = U(t, s)x + J U(t, r)B(r) dZ r , (1.4) 

t > s and x G H, if the stochastic convolution integral in (1.4) is well-defined for 
a proper additive process (Z t ) t >o (see [Det83, Sat06]). Denote the distribution 
of the convolution j s U(t,r)B(r) dZ r by flt )S - Then the transition semigroup of 
X(t,s,x) is given by 

P 8)t f(x) = E P f(X(t, s, x)) = f f (U(t, s)x + y) fl t , s (dy). (1.5) 

Jh 

for alH > s, x G H. 

The aim of the present paper is to adopt the axiomatic approach from [BRS96] 
to study this kind of non-autonomous processes through its semigroup (1.5). 
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Complementing the analytic study in this work, the more probabilistic paper 
(see [OuylO]) containing a detailed study of non-autonomous Ornstein-Uhlenbeck 
processes (1.4) driven by an additive process is in preparation. For the present 
paper, we consider an abstract form of (1.5) given by the following non-time- 
homogeneous version of the generalized Mehler semigroup (1.1): 



Here /it jS , s < t, is a family of probability measures on (H, <S^(H)) satisfying a 
non-time-homogeneous analog of (1.2) (see (1.7) below). 
The organization of this paper is as follows. 

In Section 2 we shall introduce the non-time-homogeneous transition func- 
tion p S)t of generalized Mehler type. We show the continuity and characterize 
the Markov property of p s j- We also indicate how it fits into the more general 
framework of non-homogeneous skew convolution semigroups. 

In Section 3 we study the skew convolution equation for measures 



which is equivalent to the flow property for (p s ,t)t>s, i.e. the Chapman-Kolmogorov 
equations (see Proposition 2.2 below). We prove that if fit,s is stochastically con- 
tinuous in s,t (cf. Assumption 3.1 below), then for every t > s, fit, s is infinitely 
divisible. We then investigate the structure and representation of the measures 

In Section 4 we study evolution systems of measures, i.e. space-time invariant 
measures, for the semigroup (p s ,t)t>s- We show some sufficient and necessary 
conditions for the existence and uniqueness of evolution systems of measures. 
The basic idea can be found in [BRS96, FROO, DPL07, Kna09, Woo09] etc.. But 
we are in a more general framework. Theorem 4.3 and Theorem 4.4 below are the 
infinite dimensional generalizations of the results in [Woo09] for finite dimensional 
Levy driven non-autonomous Ornstein-Uhlenbeck processes. However, Items (3) 
and (4) of Theorem 4.4, which are not in [Woo09], are new also in finite dimensions 
and interesting by themselves since they are converse results to Theorem 4.2 below 
about the relationship of two evolution systems of measures. We borrow the idea 
to use periodic (in time) conditions to prove uniqueness (see Theorem 4.6) from 
[DPL07, Kna09]. 

In Section 5 we prove Harnack inequalities for p s _ t using much simpler argu- 
ments than in the previous papers [RW03, Kna09, ORW09, Ouy09a] in which also 
Harnack inequalities for generalized Mehler semigroups or Ornstein-Uhlenbeck 
semigroup driven by Levy processes were shown. The method in [Kna09] and 
[RW03] relies on taking the derivative of a proper functional; the method in 




(1.6) 



fk,s = fh,r * {Vr,s ° 



(1.7) 
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[ORW09, Ouy09a] is based on coupling and Girsanov transformation. Our ap- 
proach in this paper is based on a decomposition of p s j- As applications of the 
Harnack inequality, we prove that null controllability implies the strong Feller 
property and that for the Gaussian case, null controllability, Harnack inequal- 
ity and strong Feller property are even equivalent to each other as in the time 
homogeneous case. 

In Section 6 we apply Girsanov's theorem to study the existence of martingale 
solutions of semi-linear non-autonomous Ornstein-Uhlenbeck process driven by a 
Wiener process for possibly non-Lipschitz non-linearities. For the Lipschitz case 
we refer to [Ver09]. Our approach is an adaption of the standard procedure when 
the linear part A does not depend on time (see [DPZ92, Chapter 10]). Our 
main contribution here is to establish a Harnack inequality and hence show the 
strong Feller property for the transition semigroup (based on applying a properly 
adapted version of the method in [ORW09, Section 4]). 

In Section 7 we append a short introduction to control theory for non-autonomous 
linear control systems and null controllability. This is closely related to the strong 
Feller property of the corresponding Ornstein-Uhlenbeck processes. The minimal 
energy representation also proves useful for more precise estimates of the con- 
stants in the Harnack inequalities. 

2 Non-time-homogeneous generalized 
Mehler semigroups 

Let H be a real separable Hilbert space with norm and inner product denoted 
by | • | and (•, •) respectively. Let (U(t, s)) t > s be an evolution family on H and 
(/ i t,s)t>s a family of probability measures on (H,^(H)). For every / G B b (M) 
and t > s, define 



For every (t,s) G A := {(t,s) G R 2 : t > s}, it is clear that p Sjt is Feller, 
i-e. p s j(Cb(Ji)) C C(,(H), where Cfe(H) is the space of all bounded continuous 
functions on H. Now we look at the continuity of the map (t, s, x) t— > p s ,tf(x) for 



The following proposition is a direct generalization of [BRS96, Lemma 2.1]. 
The proof is quite similar to the proof in [BRS96]. 

Proposition 2.1. Assume that (s n ,t n ) G A, n G N with (s n ,t n ) — > {s,t) as 
n -)• oo such that fi tntSn -» /i M weakly as n ->■ oo. Then p Snt t n f(x n ) ->■ p s>t f{x) if 
x n — > x in H as n — > oo and f G C&(H). 




(2.1) 



/ in C b (B). 
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Proof. Since Ht n , Sn ~ > Ht,s weakly, by Prohorov's theorem, for every e > 0, there 
exists a compact set K C H such that 



lhA K ) > 1 - £ ' fOT a11 ( r > °0 ^ {(*> S )' S n) : 71 ^ N }- 



(2.2) 



For abbreviation, we set z n = U(t n , s n )x n and z = U(t, s)x. 

By the strong continuity of the evolution family (U(t,s)) t > s , the set S := 
{z, z n : n G N} is compact. Hence S + K is also compact. So there exists N G N 
such that for any n > N and any y £ K, 



\f(z n + y)- f(z + y)\ <£, 



(2.3) 



since / is uniformly continuous on compacts. 

Because the map (t, s) i— > fi t ,s on A is weakly continuous, (taking N larger if 
necessary) we have for all n > N 



f(z + y)v tn>Sn (dy)- / f{z + y)^ t)S {dy) 



hi 



->■ 0. 



(2.4) 



From (2.2), (2.3) and (2.4) we get 



f{z n + y) Vt n , Sn (dy) - / f(z + y)tH, a (dy) 



< 



f(z + y)fM tn , Sn (dy)- / f(z + y)fi tjS (dy) 



+ / \f(z n + y)- f(z + y)\ fx tn>Sn (dy)+2 



<2e(H 

and the result is proved since e was arbitrary. 



□ 



We are interested in the case when (p s ,t)t>s in (2.1) satisfies the Chapman- 
Kolmogorov equations: 



Proposition 2.2. For all s < r <t, 

Ps,rPr,t = Ps,t (" Chapman- Kolmogorv equations") 
on -Bfe(H) if and only if for all s < r < t, 

fJ>t,s = fJ>t,r * ({J>r,s ° U(t,r)~ l ) . 



(2.5) 



(2.6) 



For the proof we refer to Example 2.6 below which is based on Proposition 
2.5 below where we deal with the more general skew convolution semigroups. 

Later on, we shall always assume (2.6) to hold or equivalently the following 
equation holds: 

MO = kAZ)P-r,.(U(t, r)*Z), £ G H. (2.7) 
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Here for every probability measure \i on (H, ^(H)), we denote its Fourier trans- 
form by fi, i.e., 



Obviously, (2.6) implies that fi t ,t = So for all tel. 

Definition 2.3. The family of probability kernels (p s ,t)t>s defined in (2.1) with 
(m,s)t>s satisfying (2.6) is called a non-time-homogeneous generalized Mehler 
semigroup. 

Naturally there exists a Markov process associated with (p s ,t)t>a by Kol- 
mogorov's consistency theorem. However, this process is of interest only if one 
can prove certain regularity properties of its sample paths. One can mimic the 
idea in [BRS96] and [FROO] to construct corresponding Markov processes with 
cadlag paths and even show that the process solves some stochastic equation. 
This will be contained in [OuylO]. 

As noted by Li et al. (see [Li06] for a survey), a generalized Mehler semigroup 
is a special case of a so called skew convolution semigroup. In the remainder of 
this section we shall briefly discuss non-time-homogeneus skew convolution semi- 
groups which constitute a more general framework than non-time-homogeneous 
generalized Mehler semigroups. But in the following sections of this paper we 
shall concentrate on the setting introduced above. 

Let (S, +) be a metrizable abelian semigroup, that is, S is a metrizable topo- 
logical space and there is an operation + : S 2 — > S which is associative, commu- 
tative and continuous. Let (u s>t )t> s be a Borel Markov transition function on S 
satisfying 



for every t > s and x,y G S. 

Since (u Stt )t>s is a family of Markov transition functions, the Chapman-Kolmogorov 
equations hold, i.e. for all x G S, f G Bb(S), t > r > s, 





(2.8) 



Us,tf{x) = U a ,r(Ur,tf)(x), 



or written in integral form: 




(2.9) 



From (2.8) we see that for every t > s 



u s>t (0, •) = 5 . 



(2.10) 



Here denotes the neutral element in S. 
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For every probability measure fi on (S, &(S)) we set 

fMu s>t {A) = / u s>t (x,A)^(dx), A e B(S) 



Js 

for every t > s. It is easy to show the following result. 

Proposition 2.4. For any two probability measures fi and v on (S,33(S)), 

* u)u Sjt = (A*««,t) * (vu s ,t) 

for allt>s. 

Now let (fit,s)t>s be a family of probability measures on (S, 3§(S)). Define 

q s ,t(x, •) = u Sjt (x, •) * ii ttS (-) 
for all x G S and t > s. We have the following result. 
Proposition 2.5. (q s ,t)t>s is a family of transition functions, i.e. 

q s ,t = q s , r q r ,t, t>r>s (2.11) 

if and only if 

Ht,s = Ht,r * (Vr,sUr,t), t > V > S, (2.12) 

or equivalently, 

/MO = At,r(0(A i r,« u r,t)(0> £ G ^ t>r>S. 

Proof. For every / e Bf,(S), x G S, we have 

q s ,rq r ,tf{x) 

qr,tf(y)q s A x ^dy) 

5 

9r,t/(yi + 2/2K,rO, dy 1 )ii riS (dy 2 ) 

- 

f{z)q r ,t{V\ + 2/2, tfa)u a ,r(2C, dy 1 )nr iS (dy 2 ) 

s 4 

f(zi + z 2 )u r ,t(yi + 2/2, dz 1 )^ r (dz 2 )u s . r (x, dy^ ^ r ,s{dy 2 ) 
f(z n + zi 2 + z 2 )u r . t {yi, dz n )u r:t (y 2 , dz 12 )fi t>r (dz 2 )u Sir (x, dyi)^ T)S {dy 2 ) 
f(zu + zi2 + z 2 )u Stt (x, dzn)u rtt (y 2 , dz 12 )ji t> r{dz 2 )ji rtS {dy 2 ) 

s 4 

f(z n + z 12 + z 2 )u s , t (x, dzii)(/V,s«r,t) (^12)^(^2) 

f(z)(u Sit (x, •) * (fI riS U r>t ) * /J t ,r)(dz). 

(2.13) 



Here to get the sixth identity we used (2.9). If (2.12) holds, then by (2.13) we 
obtain 

q s , r qr,tf(x) = / f(z)[u s , t (x, ■) * Ht,s}(dz) = q s , t f(x). 



That is, (2.11) holds. 

Conversely, if (2.11) holds, then by taking x = in (2.13) and using (2.10), 

we get 

f{z)[(n r , a U r j) * ll t ,r]{dz) = \ f{z)(lM,s){dz) 



for every / G B b (B). This implies (2.12). □ 

Example 2.6. When S = H is a real separable Hilbert space and u Sjt (x, ■) = 
8u(t, s )x f° r every t > s and x G S. Then (q s ,t)t>s is the non-homogeneous gen- 
eralized Mehler semigroup (p s ,t)t>s defined in (2.1) and the equivalence of (2.11) 
and (2.12) in Proposition 2.5 is exactly the equivalence of (2.5) and (2.6) in 
Proposition 2.2. The latter is thus proved. 

Example 2.7. Let S = M(E) be the space of all finite Borel measures on a Lusin 
topological space E. Let (u Si t)t>s be the transition semigroup of some measure- 
valued branching process and (fit,s)t>s be a family of probability measures on 
M(E) satisfying (2.12). Then (q s ,t)s<t is called an immigration process in [Li02]. 



3 On the equation fi t , s = fH,r * ° U(t, r) x ) 
3.1 Infinite divisibility 

Recall that a probability measure /i on H is said to be infinitely divisible if for 
any n G N there exists a probability measure \x n on H such that \x = /i* n : = 
A*n * A*n * • • • * (n-times). We first look at equation (1.2). If T s = I, then it 
is clear that for every t > 0, fi t is infinitely divisible. It is proved in [SS01] that 
in fact fi t satisfying (1.2) is also infinitely divisible. Consider (2.6) for the case 
when H is finite and U (t, s) = I. It is known (see [It606] or [Sat99, Theorem 
9.1 and Theorem 9.7]) that fit,s is infinitely divisible provided Assumption 3.1 
below holds. In the following, assuming Assumption 3.1, we shall prove infinite 
divisibility for fi tjS satisfying (2.6) for the general case. That is, we generalize 
the results mentioned above both to the time-inhomogeneous with general U(t, s) 
and infinite dimensional state space. 

In the rest of this chapter we fix fi t ,s, t > s satisfying (2.6) and we shall use 
the following assumption. 

Assumption 3.1. For every e,rj > 0, there exists 5 > such that for every 
t, s G E with < t - s < 5, 

/i M ({x: \x\ > e}) < rj. 
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In this case, we say the family of probability measures (fit.s)t>s is stochastically 
continuous. 

Remark 3.2. Note that measures (lM)t>o satisfying ji t+s = fi t * fi s for every 
t, s > do not necessarily fulfill Assumption 3.1. See for instance the argu- 
ments in [Bre92, Section 14.4]. We also note that for the homogeneous case, the 
infinite divisibility of fi t satisfying (1.2) is proved without the above continuity 
assumption. 

Lemma 3.3. (U(t, s)) t > s is uniformly bounded on every compact interval. That 
is, for every fixed sq < to, there exists some constant c > such that for every 
So < s < t < t , 

\U(t, s)x\ < c\x\, x G H, s < s < t < t . (3.1) 

Proof. For every fixed x G H, \U(t,s)x\ is a continuous function in (t, s) on 
^t ,s '■= {(t, s) : so < s < t < t }. Hence \U(t, s)x\ is uniformly bounded on A tQ}SQ 
for every fixed x G H. By the Banach-Steinhaus theorem sup( t s ) gAt s \\U(t,s)\\ < 
oo. That is, there exists some c > such that 

\U(t, s)x\ < c\x\, x G H, s < s < t < t . (3.2) 

□ 

Lemma 3.4. Suppose that Assumption 3.1 holds. On every compact interval 
[so, to], there exists a 5 > such that for all s,t G [sq, t ] with < t — s < 5, 

Ht iS o U(to,t)~\{x G H: |x| > e}) < r). (3.3) 

Proof. Since the case t = s is trivial, we shall assume t > s. For convenience, set 
A(r) := {x G H: |x| > r} for every r > 0. By Lemma 3.3, there exists a constant 
c > 1 such that 

\U(t,s)x\ < c\x\, x G H, so < s < t < to- 

By Assumption 3.1, for every e,rj > 0, t G [s ,to]) there exists a 5 t > such that 
for each s G (t — 5 t , t), 

^ 8 {A{e'/2)) < 77/2, Mm o U(t , t)-\A(e' /2)) < v /2, 

where we set e' = e/c. For each s G (t,t + 5 t ), 

H.t{A(e!/2)) < v/2, fi Stt o [/(t , s y 1 (A(e'/2)) < v /2. 

For every t G [so,to], set I t := (t — 5 t ,t + 5 t ). Then {I t : t G [so,to]} covers the 
interval [sq, to]- Hence there is a finite sub-covering {I tj : j = 1, 2 . . . , n} of [sq, to]- 
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Let S be the minimum of {8 tj /2: j = 1,2,..., n}. Then for every t G [sq, t ], we 
have t G for some j. For every s G [so>^o] satisfying < t — s < 5, we have 
\s — tj\ < since \s — tj\ < \s — t\ + \t — tj\ < 5 + S tj /2 < 5 tj ■ Now we consider 
the following three cases respectively: 1. s < tj < t; 2. s <t <tj\ 3. tj < s < t. 
Case 1. (s < tj < t) By (2.6), 

= ^ * (z^,- ° Uit.tj)- 1 )^')) 

^-A(e')(x + y) /j, t:tj (dx)(/j, tjtS oU(t, tj) _1 )(dj/) 




< / / (1a( £ '/2)0) + lA( £ '/2)(y))^(^)(^,, °U(t,tj) x )(dy) 



^(A( £ '/2)) + (/^ o U(t t t j )- 1 )(A(e f /2)) 



< 2 + 2 =V - 



Hence 



lh,s °U(t ,t) \{x G H: \x\ > e}) = /i M ({x G H: \U(t ,t)x\ > e}) 

< G H: |x| > e/c}) < 77. 

Case 2. (s < t < tj) We first show (// tjS o U(tj, t)" 1 )(y4(e / )) < 77 by contradic- 
tion. If otherwise, we have 

0^oU(t jt t)- 1 )(A(e f ))>r } . (3.4) 

Then by (2.6), we have 



2 > ^,.(A(e'/2)) = ^ 3>4 * ( Rs o U{tj,t)- 1 ){A{e'/2)) 



V 

= l A (e'/2)(x + y) n tj ^dx)(n tyS oU{tj,t)~ l ){dy) 

Jm Jm 

> / / 3U( e '/2)<=(a;) ■ lA( E ')(y)) ihrffaKv*,' U(tj,t)~ l )(dy) 



= ^,*(A( e / /2) e )-( R .o^ i ,t)- 1 )(il( e 0) 
Here we used the fact that if 1 3/ ] > e' and |x| < e'/2, then |x + y\ > \y\ — \x\ > y. 

2 

The inequality obtained above shows | > 77 — y. Consequently, 77 > 1 which 
contradicts (3.4). 
Then 

H tjS oU{t Q ,t)- l {{x G H: |x| >£})=/^({ieH: |fJ(* , ^(M)^ > 4) 

< /i M ({x G H: \U(tj,t)x\ > e/c}) < 77. 
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Case 3. (tj < s < t) Similar to Case 1 we only need to show n^ s (A(e')) < 77 
whose proof is similar to the proof in Case 2. Indeed, if fi tiS (A(e')) > 77 then 

\ > = A*m * iMsfy o U(t,s)- l ){A{e'/2)) 

= ^A{e'/2){x + y) n t ^dx)(n s ^oU{t,s)~ l ){dy) 

Jm Jm 

> m, B {AW) ■ o U(t, s)- l )(A(e' /2) c ) 

This implies r\ > 1 which contradicts the assumption. □ 

Remark 3.5. From the proof of Lemma 3.4 (or (3.3)) we obtain the following 
result. Suppose that Assumption 3.1 holds and for every fixed so < to, there 
exists some constant c > such that for every s < s < t < t (cf. (3.1)), 

l/c|x| < \U(t, s)x\ < c\x\, 16H, s < s < t < t . 

Then (nt,s)t,s is uniformly stochastically continuous on compact intervals. That 
is, for every s < t and every e, t] > 0, there exists a 5 > such that for all 
s,t G [so, to] with s < t and t — s < 5, we have /i fiS ({x G H: \x\ > e}) < r\. 

Now we can prove the following theorem. 

Theorem 3.6. The measures (fit,s)t>s satisfying (2.6) and Assumption 3.1 are 
infinitely divisible. 

Proof. For simplicity we only show that /x^o is infinitely divisible since the proof 
for arbitray s < t is similar. By (2.6), we can write for every m G N, 

*(2 m — 1) ( J ' ~\~ 1 ^ 

a*i,o = n> >2+i i o u 1, — 

Here we use II* to denote the convolution product. By Lemma 3.4 we know that 
/ii 5 o is the limit of an infinitesimal triangular array. Then by [Par67, Corollary 
VI. 6. 2] we know that /i 10 is an infinitely divisible distribution. □ 

By the Levy-Khintchine theorem [Par67, Theorem VI. 4. 10], for every t > s, 
there exists a negative definite measurable function ip t>s on H such that 

/j M exp (?:(•,£)) = exp(--0t lS (£)), f G H 

and ip t ,s has the following form 

MZ) = -i(at, s ,0 + l(C,Rt,sO ~ (e^' x) -1 - Y^T^j m t , s (dx), (3.5) 
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where a t>s G H, R t s is a trace class operator on H and m t s is a Levy measure on 
H. 

Then condition (2.6) turns to 

Vv(£)=^,r(£)+Vv, s (^,r)*£) (3.6) 

for every t > r > s and (eE. 

For simplicity, we shall denote the infinite divisible measure with characteristic 
function exp(— ipt,s) given as in (3.5) by D[a t}S , Rt,s, m t,s]- That is, 

D[at,s, Rt,s, m,s]{0 = exp(-^ t)S (£)), (GE 

By (2.6) and the uniqueness of the canonical representation of infinite divis- 
ible distributions (see also the proof of [Ouy09a, Corollary 1.4.11]), we have the 
following identities 

Rt, s = Rt,r + U{t,r)R rtS U{t,r)*, 
m M = m t , r + m r ,s ° U (t, r)" 1 , 

a t , s = a t , r + U (t, r)a r)S (3-7) 

m rs (dx) 



+ / U(t,r)x 

JM\{0} 



1 + \U(t,r)x\ 2 l + \x\ 



for every t > r > s. 

3.2 Representation of fi t , s 

The following proposition shows a typical form of the measure /j,t, s which satisfies 
the equation (2.6). 

Proposition 3.7. Let (Xt s )t>s be a family of negative definite Sazonov continuous 
functions on H satisfying A 4jS (0) = 1 for every t > s such that the function 
s l— \,s{0> £ G H, t > s, is locally integrable. Assume for every t > r > s, 

\tAO = KAU(t, r yo, £eH. (3.8) 

Let n be a o-finite measure on R. Then 

jkM) = ex P (- J V(0 ^ > £ G H, t > s (3.9) 

with pL t j = 1 defines a family of probability measures (fJ,t, s )t>s suc h that (2.6) 
holds. If the setting for (\t, s )t>s above extends to (Xt, s )t>s then we have 



A*,-(0 = exp (- jf X a {U {t , a)*0 Tx{da)^j , £ G H, t > s, 



(3.10) 
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where we set X s := X S)S for every s G R. 

Conversely, let X r : H — >• C be a negative definite Sazonov continuous function 
for every r G R with A r (0) = 0. Then \t, s {£) '■= K(U(t,s)*£), t > s, satisfies 
(3.8). 

Proof. By the assumptions, it is easy to see that for every t > s, J \t,a{Q ir(da) 
is also negative definite and Sazonov continuous. Hence by [BF75, Theorem 7.8] 
we know the right hand side of (3.9) is positive definite and Sazonov continuous. 
By Bochner's theorem (see e.g. [VTC87, Chapter VI; Proposition 3.2(c)]), we 
know fit, s is well defined through (3.9). It is a probability measure by the fact 
that At )S (0) = 1 for every t > s. 

Now we verify (2.6). We only need to consider the case when t > r > s. For 
every (6E, 

(itAOVr,s(U(t,ryZ)=exv(-£ X^ffinido)- J X r , a (U(t,r)*0 

= exp (- jf Xt,*(€) vr(da)^ = //*,,(£)■ 

Now we show the last assertion. Suppose that for every t > s, Xt jS '■= 
X s (U(t, s)*£). Then for every t > r > s, 

X r>s (U(t,r)*£) = X s (U(r,s)*U(t,r)*t) 

= \.i(U{t,r)U(r,s))*Z)=\.(U(t,syt)=\ e (Z). 

□ 

Remark 3.8. For t > s, let Vt,s be the measure on (H,^(H)) with Fourier 
transformation u t>s = exp(— A tjS (^)) for every ^ e H. Fix s and set v t = v t)S0 . 
Define a transition semigroup u Stt by u Si t(x, •) = Suf t ,s)x{') f° r every x G H. Then 
(3.8) implies that {vt)t>s>s is an entrance law (or an evolution system of measures, 
see Section 4) for u S) t- 

Remark 3.9. Let A r : H — > C be a negative definite Sazonov continuous func- 
tion for every r G R with A r (0) = 0. Then for every r G R, exp(— A r ) is the 
characteristic function of an infinitely divisible probability measure on H. By the 
Levy-Khintchine Theorem [Par67, Theorem VI. 4. 10], for every r G R the symbol 
A r can be written in the form 

K(t) = ~i(a r ,0 + l^RrO ~ jT (e^> -1 - ^r^j m r (rfx), ^ G H, 

(3.11) 

where a r G H, R r is a trace class operator on H and m r is a Levy measure on H. 
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By Proposition 3.7, 



:=exp (- J\ r (U(t } r)*Z)-K(drfj (3.12) 

defines a family of measures (fit,s)t>s satisfying (2.6). Then fi t , s an infinite divisible 
measure with triplet (a t;S , R tjS , u ttS ) given by 



-t 

<k,s = I U(t,r)*a r ir(dr) 



U (t, r)x 



ii 



1 



1 + \U{t,r)x\ 2 l + \x\ 
Rt,s= I U{t,r)RrU{t,r)*ir{dr), 



m r (dx)dr 



m M ({0})=0 and m ti8 (A) = J m r (U(t, r)-\A)) vr(dr), AgJ(H\{0}). 

Remark 3.10. For the case when H is a finite dimensional Euclidean space, it 
is shown in [Sat06] that a natural additive process Z t admits a factorization and 
hence the distribution of the convolution integral J U (t, r)B(r) dZ r has the form 
(3.12). An extension to the infinite dimensional case is in preparation [OuylO]. 

The following result is a converse to Proposition 3.7. Recall that we set 
AAO := ~ lo § £*,*(£) for every (eH and r > s. 

Proposition 3.11. Assume that (2.6) (equivalently (3.6) J holds. Let £ £ H and 
t £ R. Ifi/j t ,-(£) is of bounded variation on (— oo,t], then there is a unique signed 
measure Fj on ((— oo, t], oo, t])) such that 

F|([ S ,t])=^, s (0, s<t. (3.13) 

Lei 7i be a a-finite measure on (R, <^(R)). Suppose that for any t £ R and 
£ £ H ; F| is absolutely continuous with respect to it on ((— oo, t], oo, £])) 

wzi/i Randon-Nikodym derivative \t, s (Q '■= a (s), s <t. Then \t, s (') is negative 
definite and Sazonov continuous on H, (3.9) hold and (3.8) hold for it almost 
every s with t > r > s. 

Proof. Define F|([s,r]) = ij} r ^(U(t,r)*£) for every s < r < t. By (3.6) we have 
the following additive property: for every s < a < r < t, 

F|([a, r]) + F*([s, a]) = A,*(U(t, r)*£) + ^, s (C/(t, <r)*0 

= ^ r , a (U(t, r)*0 + A,.( u (r, <r)*U(t, r)*£) 
= Vv, s (^,r)*£) = F|(M). 
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Note also that s h- >■ ipt,s{0 is left continuous at t. Hence by the standard extension 
procedure of additive set-functions on rings, we know F| can be uniquely extended 
to a signed measure on ((— oo, t], oo, t])) which is denoted still by F|. 
Since A fi .(^) is the density of Fj with respect to n, we have 

V(Ott(^) = f|(M) = tMO- 

Hence ^ 

MO = ex P(-^MO) = ex P (~ 1^ KAO Tv(da)^ . 

That is, (3.9) holds. 

Let t > r. For any r\ < r 2 < r, we have 

V(£)7r(d<7) = F|([n,r 2 ]) = ^,rx(^(*,r 3 )*0 = ^W^r, r 2 )*E/(t, r)*£) 
= Fu(t,rn([rur 2 }) = / A^(C/(t, r)*£) Tr(dff). 



This implies that for 7r almost every s, s < r < t, 

This proves (3.8). The negative defmiteness and Sazonov continuity of \ s (') ar e 
easy to show by (3.9) and the corresponding properties of ip t ,s- □ 

We shall consider the special case where ir is Lebesgue measure. We need the 
following fact. For the proof we refer to [MV86, Theorem 1] (or the references 
therein, e.g. [Hob57, Page 365 (3rd Ed.) or Page 341 (2nd Ed.)]). 

Lemma 3.12. Let f be a continuous function on [a,b]. If for each x G (a,b) 
either the left derivative or the right derivative vanishes, then f is constant. 

Proposition 3.13. Assume that (2.6) (equivalently (3. 6) J hold and for every 
(6H and t > s, 

(1) the function s i— > ipt,s{0 is continuous and left differentiable at s = t. 
Denote the left derivative by — \t(Q> i-e- 



At(0 := ^-iMO 
as 



= lim^; (3.14) 

s =t ** r-t 



(2) the function s i— >■ X s (U(t, s)*£) is continuous. 
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Then for every i 6 R, A 4 (-) is negative definite and Sazonov continuous on H, 
and for every £ G H, t > s, 

Am(0 =exp (- j\(U(t,ryt)dr^ . (3.15) 

Proof. For every (eH and r < t, by (3.6) we get 

—ilH (0 = lim ^jl^MS = lim ^(0 + ^,r^(*. 0*0 ~ Vv(fl 

r'tr r' — r v ' 

By our assumption, for every £ G H, r h> X r (U(t, r)*£), r < i, is continuous. 
Hence we see that 

^-dV(£) = 0, r<U6H, (3.16) 

where t 

$t,r(0 := <M0 - / K(U(t, uYO du, r < t, £ G H. 

./ r 

By Lemma 3.12 we know $ f>r (£) is constant for every r G [s,t\. But $i,t(£) = 0, 
hence $t jS (£) = also. This implies 

*l> t)S {t) = J* \ r {U{t,r)*t)dr. 

Since ^>t lS (£) = — log/tf iS (£), we obtain (3.15). 

From the negative defmiteness and Sazonov continuity of ipt,s(~) we get the 
corresponding property of A t (-). □ 

Remark 3.14. The assumption that s i— >■ \ S (U (t, 0*0 is continuous for s < t and 
£ G H, is used to ensure that the map s h-> f f X u (U(t,u)*^) du is continuous and 
has (left)-derivative —\ s (U(t,s)*£). This continuity assumption on X.(U(t, •)*£) 
holds if we assume that for every £ > 0, s < t, and for every bounded set BcH, 
there exists a 5 > such that sup z6B \X s +h(x) — X s (x)\ < e provided \h\ < 6 and 
h <t — s. Indeed, note that 

\X s+h (U(t,s + h)*0-X s {U(t,s)*t)\ 
<\X s+h {U{t, s + h)*C) - X s (U(t, s + h)*C)\ + \X s {U{t, s + h)*£) - X s {U{t, s)*£)|. 

Hence |A s +h(17(t, s + /i)*0 — \ s (U(t,s)*£)\ can be made arbitrarily small, since 
the first term on the right hand side of the inequality above can be made small 
by the assumption that s t— > X s (x) is continuous uniformly in x on bounded sets; 
the second term can be made samll by the strong continuity of U(t, ■). 
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Remark 3.15. Proposition 3.13 generalize [BRS96, Lemma 2.6] which dealt 
with homogeneous generalized Mehler semigroups (see (1.1)) using differentia- 
bility condition. For the homogeneous case, there are some generalizations of 
[BRS96, Lemma 2.6]. Neerven [vNOO] relaxed the differentiability condition for 
general Gaussian Mehler semigroups on Banach space. Dawson et al. [DL04, The- 
orem 2.1] (see also [DLSS04, Theorem 2.3]) used entrance laws to characterize 
fit and hence dropped the differentiability condition for homogeneous generalized 
Mehler semigroups on Hilbert spaces. For measure- valued skew convolution semi- 
groups, the sufficiency and necessity of the representation were proved in [Li96, 
Theorem 2] and [Li02, Theorem 3.1] respectively, for the homogeneous case and 
the non-homogeneous case by using entrance laws. Proposition 3.11 can be seen 
as an attempt to use entrance laws to characterize fi s j- But we do not know how 
to find a natural measure 7r. 



4 Evolution systems of measures 

Let (p St t)t>s be defined as in (2.1) on a separable Hilbert space H with (U(t, s)) t > s 
and (nt,s)t>s satisfying (2.6). 

Generally, for a family of non-autonomous operators (p s> t)t>s on H, we cannot 
expect to have a stationary invariant measure for them. But we can try to look 
for a family of probability measures {vt)t&, on H such that 

J p Sjt f(x)v s (dx) = J f{x)v t (dx), s<t (4.1) 

for all / G -Bb(H). Such a family of probability measures is called an evolution 
system of measures for (p S) t)t>s (see [DPR08]). Evolution systems of measures 
are also called entrance law in [Dyn89]. 

Lemma 4.1. A family of probability measures (ft)t&u on H is an evolution system 
of measures for (p s ,t)t>s if and only if for every t > s, 

MZ)M U ( t > s YZ)=*t(0, ^H. (4.2) 

Proof. Identity (4.2) comes from (4.1) for functions / of the form exp(i{£,x)), 
£ G H, which is enough to ensure (4.1) for all bounded measurable functions. □ 

Theorem 4.2. Suppose that (vt)teR ^ s an evolution system of measures for 

(2) 

(Ps,t)t>s- Let {i>\ )teR be another system of probability measures and assume that 
there exists a family of probability measures (cr t ) te]R on H such that 

vf^ = * a t and a s o U(t, s)" 1 = a t . 

Then (y\ '? )teR is a ^ so an evolution system of measures for (p s ,t)t>s- 
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Proof. For every £ G H, 

Hence the assertion follows by Lemma 4.1. □ 

Assume that for every t > s, fi t , s is infinitely divisible and has the form 
yL t)S = D[a t , s , Rt,si m t,s], where a ttS G H, R t s is a trace class operator on H, and 
mt jS is a Levy measure on H. 

By (3.7), we know that for every fixed t G R, (m J)S ) s <j is a decreasing family 
of Levy measures. This allows us to define m ti _oo for every t G R by setting 
m t _oo({0}) = and 

m i ,_ 00 (A) = lim m t , s (A), A G #(H \ {0}). 

oo 

From (3.7) we also see for every x G H and i 6 R, (Rt iS x,x) is decreasing in 
s. Hence the limit lim s _ > „ 00 (R t s x, x) exists for every x G H. By the polarization 
identity, we see that for every t G R, x, y G H, the limit lim s _^_ 00 (i? fiS x, y) exists. 
Fixing x G H and letting y G H vary, we get a functional lim s _ i> _ 00 (i?i s x, •). 
We shall assume sup s<t tr < oo. Then for every i G R, there exists C t > 
such that sup s<t (i?t jS x, x) < C<|x| 2 for every x G H. So we can apply Riesz's 
representation theorem and see that for every x G H, there exists an element 
x* t G H such that for every t G R and all y G H, 

lim {Rt, s x,y} = (x*,y). 

s— >— oo 

By the property of i?^ S) we see that the mapping from x to trace class 

operator and we denote it by R t -oo- That is, for every t G R there is a trace 
class operator Rt-oo on H such that 

(R t -ooX,y) = lim (R t , s x,y), x,yeM. 

s— >— oo 

Consequently for every t G R, the central Gaussian measure with covariance 
operator Rt-oo is well defined. 

Theorem 4.3. Suppose that for t G R, 

(HI) swp s < t tTRt >s < oo; 

(H2) sup s < t J H (1 A \x\ 2 ) mt,s{ dx ) < 00 / 

(H3) Of-oo := lim^.ooat^. 
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Then for every i 6 R, wfy-oo is a Levy measure, Rt,-oo < oo is a trace class 
operator and the system of measures (u^teu given by v t = D[a t -oo, Rt-oa, Wt,-oo], 
t G R, is an evolution system of measures for (p s ,t)t>s- 

Proof. Suppose that (HI), (H2) and (H3) hold. For every t G R, we note that 
— oo — suPs<t Rt,s < oo. So Rt : —oo is a trace class operator. Moreover, for 
each t G R, 

/ (1 A |y| 2 )m t _ 00 (c/y) = lim / (1 A |x| 2 ) m^ s (dx)dr < oo. 

This shows that m^-oo is a Levy measure. 

Now we show that (vt)teM i s an evolution system of measures. By (2.6), for 
every t > s > r, we have 

lh,s * [v>s,r ° U(t, s)" 1 ) = fi t:T . (4.3) 

Note that /i M = D[a t>s , Rt >s , m tjS \ converge weakly to D[a t R t m t = v t 
as s — > — oo (cf. [FROO, Lemma 3.4]). Hence letting r — > — oo in (4.3) we obtain 
(y s o U(t, s) _1 ) * /Ut )S = z/j. This proves that (vt)ten is an evolution system of 
measures for (p a ,t)s<t by Lemma 4.1. □ 

The following theorem is the converse to Theorem 4.3. 
Theorem 4.4. Let (vt)ten be an evolution system of measures for (p s ,t)t>s- Then 

(1) Conditions (HI) and (H2) hold. 

(2) For every t G R there exist x t)S G H, s < t, such that S Xt s * S at s * [u s o 
U(t, s)" 1 ) is relatively compact. 

(3) There exists some probability measure a 1 such that S at g *(u s oU(t, s) _1 ) — > a t 
weakly as s — >■ — oo. Moreover u t = D[0, Rt -oo, mt,-oa] * &t, t G R. 

(4) Assume in addition that the following condition holds 

(H4) For every t G R, v s o U(t, s)" 1 — > a t weakly as s — > — oo. 
Then the limit in (H3) exists and 

v t = v t * a u t G R. (4.4) 

Moreover 

(T t = (T s oU(t,s)~ 1 , t>s. (4.5) 

Especially, if at = 5q, then v t — Vt, t G R. 
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(5) If the limit in (H3) exists, then the limit in (HJf.) exists, and hence (4.4), 
(4.5) hold. 

Proof. Since (i/t)teR * s an evolution system of measures for (p s ,t)t>s, by Lemma 
4.1 we have for every t > s, 

#t = * & °U{t,s)~ 1 ) = D[a t>s ,Rt >s ,m t>s \ * (i> s o[/(t,s) _1 ) 

= 5 aus *N Rus *M t , s *(9 s oU(t jS y 1 ). 

Here we set N Rt s := D[0, N Rts , 0] and M t>s = D[0, 0, m f)S ]. Consider s = —n, n G 
N, for (4.6). The sequence 5 at _ n * N Rt _ n * M t - ni n G N, is right shift relatively 
compact by [Par67, Theorem III. 2. 2], i.e. there exist yt- n 6 H, i 6 R, n 6 N 
such that the sequence 

5y t! _ n * {5 at _ n * N Rt _ n * M t -n) = D\yt,-„ + Ctt,-n, Rt,-n, m,-n] 

is weakly relatively compact. This implies (see [Par67, Theorem VI. 5. 3]) that 

supm t _ n ({|a;| > 1}) < oo. 

n 

and 



sup I tri? t] _ n + / \x\ m t - n (dx) ] < oo. 

Therefore, we can define naturally a Levy measure m^-oo and trace class operator 
Rt,-oc f° r each t G R. It is easy to show (HI), (H2) by a slightly modified 
argument from [FR00, Lemma 3.4]. This proves (1). 

Similarly, from (4.6) and by applying [Par67, Theorem III. 2. 2] we get (2). 
From (4.6) we also get (3) by applying [Par67, Theorem III. 2.1] since N Rt s * M ttS 
converge weakly to N Rt _ x * M^.^. Here we set M t := D[0, 0, m t 

Suppose that in addition (H4) hold. Then N Rt g *M t<s * \p s oU (t, s) _1 ) converges 
weakly to N Rt _ oo * M t -oo * o t as s — >■ — oo. Hence it follows from (4.6) by [Par67, 
Theorem III. 2.1] that (5 at _ n ) is relatively compact. It is easy to see that this 
implies (H3). Moreover, the statement P t — v t * at also follows easily. 

Now we show (4.5). For every r < s < t and £ G H, we have 

u r (U(t, r)*0 = 9 r (U(s t r)*U(t, s)*0- (4-7) 

Letting r — > — oo in (4.7) above, we get = a s (U(t, s)*H. This completes the 
proof of (4). 

The proof of the last assertion (5) uses the same arguments as in the proof of 
(4). □ 

Remark 4.5. Condition (H4) holds if the following conditions (H5) and (H6) hold 
(see [Woo09, Lemma 3.7], which also holds for the infinite dimensional case): 
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(H5) For every t G R and x G H, U (t, s)x — > as s — > — oo. 

(H6) There exists some to G R such that (vt)t<t is uniformly tight. 

In the following we consider periodicity condition in time. We shall assume: 

(HT) The function U(t,s),fit, s on A = {(t, s) : t > s} are T-periodic for some 
T > 0. That is, for every (t, s) G A, 

U(t + T, s + T) = U(t , s) , Ht+T,s+T = IM,s ■ 

Theorem 4.6. Suppose that (HT), (H1),(H2), H(3) hold and that for every t > s, 
there exist some some M,co > such that \\U(t,s)\\ < Me""' 1 " 8 '. Then v t = 
D[a t -oo,Rt,-oo, m t-oo] is the unique evolution system of measures with period T 
for p s ,t- 

Proof. It has already been shown in Theorem 4.3 that (yt)fgR is an evolution 
system of measures. It remains to show the uniqueness. Let v t be a T-periodic 
evolution system of measures for p Sjt . Then for every t G R, 

Here we set V(t) := U(t + T,t). From (2.6) we see that for every t G R and £ G H 

So, by the T-periodicity we get 

Iterating the identity above, for any k G N, we get 

/wo ^-oo((v(tynr 

By assumption, for any x G H we see that (U(t, s)) k x converges to as k — > oo. 
This is enough to see that the right hand side of the identity above goes to 1 as 
k — » oo. Therefore, we obtain that v t (£) = £it,-oo(0- ^ 

Remark 4.7. Let [i t s be the distribution of the convolution integral § l T t _ r dZ r 
of a one-parameter Co-semigroup T t with respect to a semi-Levy process Z r (see 
[MS03]). Then /j, ts is automatically periodic. Assume ^ t _ oo T t _ T dZ r exists with 
distribution v t . Then it is shown in [MS03] that for the finite dimensional case 
(which can obviously be extended to the infinite dimensional case), vq is semi- 
self-decomposable. Moreover, this is closely related to semi-self similar processes 
etc.. We refer to [MS03] for more details. 
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5 Harnack inequalities and applications 

Let (p St t)t>3 be as in (2.1), that is p s , t f(x) = (/i M * $u(t,s)x)f for every x G H and 
/ G B b (M). Suppose that for every t > s, — D[a tjS , R t s , m ttS \ is an infinite 
divisible measure on (H, ^(H)) satisfying (2.6). 
For each t > s, set 

Vt, s = D [Q,Rt, s ,o], v J t, s = ^k, s ,o,m tiS ], 

and for every / G Bb(M), x G H, 

P 9 s ,tf( x ) ■= (Vt,s * $u(t,s)x)f = / f{U(t,s)x + y)fil s (dy), 

d,tf( x ) (Vt,s * S x )f = f(x + y) nl s (dy). 
With these notations, we have the following decomposition for p s t . 
Proposition 5.1. For every t > s, x G H and f G jB&(H), p s ,tf( x ) — P 9 S t(Ps t) f ( x ) ■ 
Proof. Note that ji t , s = Vt,s * Vts- Hence we get 

Pa,tf(x) = {Ht,s * 5u{t,s)x)f = (v{s * Vt,s * $U(t,s)x)f 

= ((Vt,s * 5u(t,s)x) * (Vt, s ))f = / Vt,s * $u(t,s)x(dy) / f(y + z) ^ s (dz) 

= {Vt,s * $U(t,s)x)(pi,tf) = P 9 s,t(pl,tf)( x )- 

□ 

Define for every t > s, 

T t , s = R~y 2 U(t,s) (5.1) 

with domain @(T t , s ) = {x G H: U(t,s)x G it^{ 2 (H)}. If x <£ 9(V t , s ) then set 
|r t s x| := oo. Let B£(H) denote the space of all bounded positive measurable 
functions on H. 

Theorem 5.2. For every a > 1, t > s and f G B£(E) 

(Ps,tf(x)) a < exp ( a|r 2 ^ X _~ 1 j /)|2 ) Ps,tf a (y), ^eH. (5.2) 

Proof. It is sufficient to consider the case U(t,s)(M) G i?j{ 2 (H), since otherwise 
the right hand side of (5.3) is infinite by the definition of |r t a (-) | and the inequality 
(5.3) becomes trivial. 

We claim that we only need to show the following Harnack inequality for p 9 s t 

(KtfWT < ( a| ^ Z _"i) y)|2 ) ^riv), (5.3) 
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Indeed, by Proposition 5.1, we know p s t = Pg t pl t . If (5.3) holds, then by applying 
inequality (5.3) to p 9 st and Jensen's inequality to p 3 st we see 

(p s , t my = (,>u,ri.,r )(■<■))'■ < ex P ( alT ^ x ^f 2 ) (rfMjr^y) 

< ex p ( — — — - — ) [PsApitf ))(y) = ex P ( — :ffz — t\ — ) \p*tf )(y)- 



2(a- 1) 



2(a - 1) 



Applying the Cameron-Martin formula for Gaussian measures (see [DPZ92, 
Theorem 2.21]) we see 



dN(U(t,s)(x-y),Rt >s ) , 
p t ,s{x -y,z) = Ar - (2) 



dN(0,R t 



:exp Uit! t - 1/2 C/(t, - y), i^z) - ^R^'M^ s){x - y)\ 2 
By changing variables and using Holder's inequality we obtain 

f(U (t, s)x + z) p{dz) 



-1/2, 



-1/2, 



(5.4) 



f(U (t, s)y + z)p t;S (x - y, z) p t ,s{ dz ) 



-\\ v t, s { x - y)\ 2 



cxp 



a 



(Rt,l /2 U(t,s)(x - y),R t ' /z z) ) p t , s ( dz 



f a (U(t,s)y + z)p t , s {dz] 



1/2. 



l/a 



a — 1 



(q-1)/q 



: exp 



2(a- 1) 



|r t , s (a:-y)| 2 (p^Hl/)) 



1/q 



□ 



Applying the previous theorem, we have the following result. 



Theorem 5.3. Fix t > s. The implications (1) =>- (2) =>- (3) =>- (4) =>- (5) of the 
following statements hold. 



(1) 

f/(M)(H) c Q^OH^ 
(2) ||r tiS || < oo and for every a > 1 and / G B^(H) 

«(||r M ||-|x-i/|) 2 



(5.5) 



(Ps,tf(x)) a < exp 



2(a-l) 



p M r(|/), z,j/<=H; (5.6) 
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(3) ||r t)S || < oo and there exists a > 1 such that (5.6) holds for all f G B^(M); 



(4) \\Ft,s\\ < oo and for every f G B^(H) with f > 1 



r 



2 



Ps,tlogf(x) < \ogp Sit f(y) + 



x -y 



x,y G H; 



(5.7) 



2 



p s ,t strong Feller. 

In particular, if mt, s = 0, then these statements are equivalent to each other. 

Proof. If (5.5) hold, then ||r t)S || is bounded. Hence by Theorem 5.2, we get (2) 
from (1). That (2) implies (3) is trivial. The implications (3)=>-(4)=>-(5) are 
consequences of Harnack inequalities, as proved in [Wan09] . 

It remains to show that (5) implies (4) in the case m 4jS = 0. Note that 



If (5.5) doesn't hold, then there exists xq G H such that U(t, s)xo ^ R ts (H). Take 
%n — G H, n = 1, 2, ■ • • . By the Cameron-Martin theorem (see e.g. [DPZ92]), 
we know that for each n — 1, 2, ■ ■ • , the Gaussian measure \i n := N{U (t, s)x n , R t , s ) 

1/2 

is orthogonal to /x := N(U(t, s)xo, Rt,s) since U(t,s)x n — U(t,s)xo f. R t s (H). 
That is, there exists A n G &(H) such that fi n (A n ) = 1, fio(A n ) = 0. Set A := 
U n >iA„. Then fi (A) = 0, p n (A) = 1 since /i (A) < Y, n Ho(A n ) = and fi n (A) > 

^n(A n ) = 1. 

Take / = 1^. We get p s ,tf( x n) — 1) Ps,t/(0) = 0- This contradicts the fact 
that p Sj t is strong Feller, since it is obvious that p s ,tf{%n) does not converge to 
Ps,t/(0) as x n tends to 0. □ 

Remark 5.4. If R tjS has the form (7.2), then (5.5) is equivalent to the null con- 
trollability of a non- autonomous control system (7.1) (see Section 7 for details). 
For this reason, condition (5.5) is also called null-controllability condition. This 
gives an equivalent description of the strong Feller property. 

Remark 5.5. In [DP95] the fact that the null controllability implies the strong 
Feller property was proved for autonomous Ornstein-Uhlenbeck processes driven 
by a Wiener process and with deterministic perturbation. Our result generalizes 
this result. 

In fact (5.5) implies more. Denote the space of all infinitely Frechet differen- 
tiable functions with uniform continuous derivatives on H by UC°°(H.). 

Proposition 5.6. Suppose (5.5) holds. Then for every f G -B&(H) and every 




t>s, p s , t feUC°°(H). 
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Proof. In view of the decomposition p st = PstPst shown in Proposition 5.1, we 
only need to show that p g st £ UC°°(M) for every g £ Bb(M). The rest of the proof 
is as in [DPZ02, Theorem 6.2.2]. □ 

We have the following quantitative estimate for the strong Feller property. 
This result is shown in [ORW09] for Levy driven Ornstein-Uhlenbeck process by 
a coupling method. 

Proposition 5.7. Let t > s and x, y £ H. Then 

\p s ,tf(x) -p s ,tf(y)\ 2 

< (e' r -^' 2 -l) min {p s , t f 2 {z) - (p s>t f(z)) 2 : z = x,y} . ^ 

Proof. Let h = p° st f- Then by Proposition 5.1 we see that p Sjt f = p g st h- So, for 
every z £ H, we have 

P 9 s ,th 2 (z) - ( P 9 s , t h(z)) 2 

<PitP j sJ 2 ^) - (p?X t /(*)) 2 = Ps,tf(z) - ( Ps ,f(z)f. 

Note also that x,y play the same role in (5.8). So, according to (5.9) we only 
need to show the following inequality 

\pIMx) - p%My)\ 2 < (e' r -(^' 2 -i) (pi tt h 2 ( y ) - (plMy)) 2 ) • (5.10) 

Recalling formula (5.4) for pt, s (x — y, z), we see 
Ps,M x ) = / h(U(t,s)x + z) nl s (dz) = / p tjS (x-y,z)h{U{t,s)y + z)fJ, 9 tiS {dz). 
So, 

\p 9 s ,M x ) -Ps,My)\ 2 

x 2 

[p t>s {x-y, z)-l] ■ [h(U(t,s)y + z) - p 9 t h{y)\ p? t Adz) 



H 

< f (p t , s {x-y,z)-l) 2 ^ s (dz) [ [h(U(t,s)y + z)-p%h(y)] 2 pl(dz) 

pl(x - y, z) pl(dz) - 1 ) ■ ( f h 2 (U(t, s)y + z) ^(dz) - (p?, f %)) : 

e |r '" Mf -i) {p 9 s , t h 2 (y) - (p 9 s ,My)) 2 ) ■ 

□ 

Now we apply the Harnack inequality (5.2) to study the hyperboundedness 
of the transition function p s j- In [GL08] hypercontractivity is studied for the 
Gaussian case via log-Soboblev inequality. 
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Theorem 5.8. Let (vt)ten be an evolution system of measures for p s t . For every 
s < t, a > 1, and e > 0, let 



C s>t (a,e) 



L 


I exp ( 







a\T t , s (x - y)\' 
2(a-l) 



1 -(l+e) 



v a (dy) 



v s (dx). 



Then 



\\Ps,tf\\ L ^)(M,u B ) <C Stt {a,e) a{1+£) \\j ||l«ch.**)- 



(5-11] 



Proof. From the Harnack inequality (5.2) we have 

a\T t , s (x - y)\ 2 



(p s ,tf(x)) a exp 



2(a- 1) 



<Ps,tF(y), x,yeM. 



Integrating both sides of the inequality above with respect to v s (dy) and using 
the fact that {ft)teK is an evolution system of measures, we get 

M/IW j^exp (- a|r 2 t (^_~j /)|2 ) ".{dy) < j^\f\ a u t (dy). 



Hence 

(Ps,t\f\T {1+£) (x) < 



exp 



H 



a\T ttS (x - y)\' 
2(a-l) 



-(1+*) 



a(l+e) 



Integrating both sides of the equation above with respect to u s (dx), we get (5.11). 

□ 



6 Semi-linear equations 

Fix s G R and consider the following equation for t > s, 

dX(t, s, x) = A(t)X(t, s, x) dt + F(t, X(t, s, x))dt + R l/2 dW u 



X(s, s, x) = x G H, 



(6.1) 



where 



(1) (A(t))teR is a family of operators on H associated with an evolution family 
(U(t,s)t> s ) (See Section 1); 

(2) R is a trace class operator on H; 

(3) (Wt)teR is a cylindrical Wiener process on H on some filtered probability 
space (n,(jy t6H ,jr,P); 
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(4) F is a measurable map from [s, +00) x H to i? 1//2 (H) satisfying 

\R~ 1/2 F(t,x)\ 2 < h + k 2 \x\ 2 , teR, xGH (6.2) 
for some constants fci, &2 > 0. 
Proposition 6.1. Equation (6.1) /ias a martingale solution. 
Proof. For every r G [s, £], set X(r, s, x) := U (r, s)x + Wu(r, s), where 

rr 

Wu(r,s):= / U(r, a)R 1/2 dW a . 

J s 

For every r G [s, t], [s',f] C [s, i], define 

tp x (r, s) := R~ 1/2 F(r, X(r, s, x)) = R~ 1/2 F(r, U(r, s)x + W v {r, s)), 

/■r 

W r X = W r - I tl> x (<T,s)d(T, 

<•/' 



M£ s , = exp (£ (^,(a, s), dW a ) - ± jT 



1^(0", s)| Cia 



We first show that EMf s = 1. By (6.2), for every r G [s,t], 
\Mr,s)\ 2 < k 1 + 2k 2 (\U(r,s)x\ 2 + \Wu(r,s)\ 2 ). 

Hence, 



Eexp Qy l^x(<7, s)| 2 rfa 



<Eexp ( ^L^?. /" (1 + 2|f/(cr, s)x| 2 ) cZa ) Eexp I ^ J 



Since f \Wu(cr, s)\ 2 da is Gaussian distributed, applying Fernique's Theorem, for 
a fine partition s = t < t\ < ■ ■ ■ < £„_i < t n = t, we have 

EexpQy \i/>x(v, s) | 2 ^ < +00. 

This implies that for each i — 1, 2, • • • , n, Mf._ t for t G [tj-i, tj], is a martingale. 
Noting that M* = M^ jtn _ l ■ • -M^, we get EM( S = 1. 

Consequently, we can define a new probability measure Q x := M t x s P on 
(fi, j^t). By [DPZ92, Theorem 10.14], W* is also a Wiener process with respect 
to Q x . Hence 

X(t,s,x) = C/(t,s)x + / U{t,r)R 1/2 dW r 

J s 

= U(t,s)x+ I U(t,r)F(r,X(r,s,x))dr+ I U(t,r)R 1/2 dW r . 

J s J s 

This shows that X(t, s, x) is a martingale solution of (6.1) on (Q, (<^t)t>s, & , Qx)- 

□ 
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We shall need the following fact. 
Lemma 6.2. Let s £ R. Set 



rs+l 

A := tr / U(s + 1, a)RU{s + 1, a)* da. 

J s 

Then 

C := sup Eexp {\Wu{r, s)\ 2 / A\) < oo 

re[s,s+l] 

and for every k > and t £ [s, s + (1 A (4Aft) _1 )] ; 

Eexp ^cjT |Wtf(r,s)| 2 dr^ < C 4Aft(t " s) . (6.3) 

Proof. Note that the covariance operator of Wu(r,s) = f r U(r, a)R 1 ^ 2 dW a is 
given by f r U (r, o~)RU (r, a)* da. By Fernique's Theorem (see [DPZ92, Propostion 
2.16]), it follows that C < oo. Moreover, 



2 



Eexp J \Wu(r, s)\ 2 dr j = Eexp (- — -J K (t - s)\Wu(r, s)\ dr 
1 /"* 

< / Eexp (n(t - s)\Wu(r, s)\ 2 ) dr 

t S J s 

t [ Eexp (\ Wu (r,s)\ 2 /4X)] AMt - s) dr < C 4AK{t - s) . 

t s J s 

□ 

From Lemma 6.2 we see that for every p > 0, there exists t p > such that for 
every t £ [s, s + 

Cp jfca (i,s) := Eexp (2p(2p+l)k 2 £ \ W v {r, s)\ 2 ds^j < oo. 

In particular, if k 2 = then C Pt o(t, s) = 1 for all t > s. 
Lemma 6.3. For any £>s ; p>l,5>0 and x £ H, 

E(M* s y < (C pM (t, s)) 1 ' 2 exp { P{2P ~ 1} + 2fc 2 |C/(r, S )*| 2 ) dr) 

E(M^)" 5 < (CWM)) 1/2 exp ( ^ (2 ^ +1) ^(fc 1 + 2A: 2 |[/(r,s)x| 2 )dr). 
Proof. From the proof of Proposition 6.1 we see that for every k £ R 
t f-^exp f«;jf (^(r, s),dW r ) - y jf |^ x (r, s)| 2 dr 
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is a martingale. Therefore, 

E(M£)* =Eexp (pj\ip x (r, s), dW r ) - p 2 jT |^(r, s)| 2 dr 

'p(2p-l) 



■ exp 



|^ x (r,s)| 2 dr 



< 



E exp (2p£{ijj x (r,s),dW r )- 2p 2 jf |^ (r, a) | 2 da 

Eexp (p(2p-l)J \i/> x (r,s)\ 2 ds 



1/2 



Eexp U(2p-1) y |^(r,s)| 2 ds 



This implies the first inequality, since by (6.2) 



1/2 



|^(r, s)| 2 <k t + 2k 2 \Wu(r, s)\ 2 + 2k 2 \U(r, s 



x\ 



Similarly, the second inequality follows by 

E(M£)- tf =Eexp (-6 jf (i> x (r,s),dW r )-8 2 £ \^ x {r,s)\ 2 dr 



I ~ / l^( r ' s )| 2 dr 



< 



Eexp (-25^ (t/j x (r,s),dW r )-2S 2 £ \t/j x (r, s)\ 2 ds 



1/2 



Eexp (5(25+1) / |^ x .(r, s)| 2 dr 



1/2 



E„p(, (M+ i)/W,.)r* 



1/2 



□ 

By the proof of Proposition 6.1, we see that X(t,s,x) is a solution of (6.1). 
Hence we define the "transition semigroup" of X(t,s,x) by 



P s F t f(x) = E Q J(X(t,s,x)), feB b (M). 



(6.4) 



We have the following result. 



Theorem 6.4. For any t > 0, a > 1, x, y £ H, p, q > 1 mf/j a/(pq) > 1, and 

f e l?+(H) 

(On*) < NP s F t r(y). (6.5) 
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Here we set Tf s := R l l 2 U(t,s) and 

«p/(2(p-l)) 



N:= [C^ iM (t,s) 
+a 



9-1 ' 



aq/(2(q-l)) 



■ exp 



2(a - q) 



p + 1 g + 1 



g(g-l). 



[>i + k 2 (\U(r, s)x\ 2 + \U(r, s)y\ 2 )] dr . 



Assume that for every s < r < t, Pf t = Pf r Pf t . If \\Tf s \\ < oo for every t > s, 
then Pf t is strong Feller. 

Proof. Recall that X(t, s, x) is a mild solution to 

dX(t, s, x) = A(t)X(t, s, x)dt + R 1/2 dW u X(s, s, x) = X. 
Let P s ° t be the semigroup of X(t, s,x) under P. Then by Theorem 5.2 we have 



(P»fy(x)<P»r(y)exp 



a|If.(x-y)| s 



, /GP+(H), (6.6) 



2(a- 1) 

For simplicity, we set p' := g' := 9 = a/ (pq). By (6.6) we have 
= E Q J(X(t, S ,x)) = EM t y(l(M,x)) 

< (E/f(X(* ja ,x))) 1 /'(E(^y)W = (P° /^(x)) 1 /p(E(M^/) 1 ^' 



< 



P° /*(y) exp 



0|rf s (*-y)F 



1 V(0p) 



2(0-1) 

On the other hand, for every g G P^(H), 



:e(m^ s )^')W. 



P%g{y) < Vj>g(X(t,s,y)) = E Q ^(X(t, s, y))^)- 1 
< (*(2/)) V? (EK s ) W ) W . 



So, taking g = / p we obtain 



{p!jT{x)<p!,r{ y )^ v 



<* \TU X -V)\' 
2p(6 - 1) 



(E(^r')^'(E(M^) 1 ^')^'. 



This implies the desired Harnack inequality according to Lemma 6.3. 

Now we show that Pf t is strongly Feller. Let / G P b + (H). By (6.3) and (6.5), 
for any a > 1 there exist constants t a ,c a > and a positive function H a (r,s), 
r G (s, s + O such that 



0(^)<(O a (2/)) i/a e 



r G (s, s + t c 



(6.7) 
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We take t a < t — s. Then, using the assumption that Pf t is a semigroup, for 
every r G (s, s + t a ), we get 

Ii^P^(x) = lhrIP^/(x) 

a;— »i/ x— »y 

<h^linilim" \P[ r {Pf t f) a (y)} 1/a e Cair - s)+lx - yl2Ha{r ' s) (6.8) 
<ImIIImIim" \pfj*(y)^ a e ^{r-s)+\x-v\ 2 H a {r,s) = pff(y). 

a— >1 r—*s x—¥y ' 

On the other hand, (6.7) also implies for every r G (s, s + t a ) 

P S F J(X) > [p^(p^ / )l/-( 2/ )] a e —«(-^)-«^(r, S )|x- ? ;P 

So, first letting x — > y then r — > s and finally a — > 1, we arrive at 

limP^/(x)>P^/(y). (6.9) 

From (6.8) and (6.9) we see P[ t f is continuous. So, Pf t is strongly Feller. □ 

7 Appendix: Null controllability 

Consider the following non-autonomous linear control system 

dz{t) = A{t)z{t)dt + C{t)u{t) dt, 



Z[S) = X, 



(7.1) 



where (A(t)) t ^u is a family of linear operators on H with dense domains and 
(C(t))te$t is a family of bounded linear operators on H. Let (U(t, s)) t > s be an 
evolution family on H associated with (A(t)) te ^. Consider the mild solution of 
(7.1) 

z(t,s,x) = U(t,s)x+ U{t,r)C{r)u{r)dr. x G H, t > s. 



z(t, s, x) is interpreted as the state of the system and u as a strategy to control 
the system. If there exists u G L 2 ([s,t],H) such that z(t,s,x) = 0, then we say 
the system (7.1) can be transferred to at time t from initial state x G H at time 
s. If for every initial state x G H the system (7.1) can be transferred to then 
we say the system (7.1) is null controllable at time t. We refer to [Zab08] (see 
also [DPZ92, Appendix B]) for details on the null controllability of autonomous 
control systems. 

Set for every t > s 

II M x := J U(t, r)C{r)C{r)*U{t, r)* dr, x G H. (7.2) 
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t 

U (t, r)C(r)u(r) dr. 



Proposition 7.1. Let x G H and t > s. The system (7.1) can be transferred to 

1 /2 

at time t from x if and only ifU(t, s)x G H t s (H). Moreover, the minimal energy 
among all strategies transferring x to at time t is given by \U t y 2 U(t, s)x\ 2 , i.e. 

\U-l /2 U(t,s)x\ 2 

r r* i (7-3) 

= inf< / |n(r) | 2 dr : z(t, s, x) = 0, z(s, s, x) = x, u G L 2 ([s, t], H) > . 
Proof. For every t > s define a linear operator 

Lt, s '■ L 2 ([s, t], H) — >■ H, u^L t>s u:= I 

J s 

The adjoint of L 4)S is given by 

(L* s x)(r) = C*(r)f/(t,r)*x, x G H, r G [s,t]. 

It is easy to check that IL^ = L ttS L^ s . Then by [DPZ92, Corollary B.4], we know 
that L t>s {L 2 ([s, t], H) = Il tiS (H). Hence the first assertion of the theorem is proved 
since the initial state x can be transferred to if and only if U(t, s)x is contained 
in the image space of L t s due to the fact that z(t, s,x) = U (t, s)x + L t s u. 
By [DPZ92, Corollary B.4] we also get 

\U; i 1 s /2 y\ = \L-ly\, yeL t , s {L 2 {[s,t},H)). (7.4) 

Here the inverse is understood as a pseudo-inverse. Taking y = U(t, s)x in (7.4), 
we obtain (7.3). □ 

From Proposition 7.1, we get the following corollary. 

Corollary 7.2. The system (7.1) is null controllable at time t if and only if 

^(M)(H) C nJ/ s 2 (H). (7.5) 

From (7.3), it is easy to get upper bounds of \H t l U(t, s)x\ 2 by choos- 
ing proper null control functions u. The following proposition is analogous to 
[ORW09, Proposition 2.1]. 

Proposition 7.3. Let t > s. Assume that for every r G [s,t], the operator C{r) 
is invertible. Then for every strictly positive function £ G C([s,£]) ; 

, 1/2 , ^ ,9 [ t \C(r)- l U(r,s)x\ 2 edr , , 

\U t 1/2 U{t, s)x\ 2 < Js 1 V ; V ; ' W — , x G H. (7.6) 



Slirdr 

Especially if C(r) = C and |C _1 L r (r, s)x\ 2 < h(r)\C~ 1 x\ 2 for every x G H, then 

\Ii; l/2 U(t, s)x\ 2 < J° lx|2 , xeU. (7.7) 
J s h{r)~ l dr 
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1 /2 

Proof. We only need to consider the case where U(t,s)x G H t s (H) and the 
function [s, t] 3 r t-> £ r C(r) _1 £/(r, s)x belongs to L 2 ([0, t], H). Then the following 
function 

M ( r ) := ~ 7TT , C^)" 1 ^ 0, s)x, r G [s, t], 
Js&dr 

is a null control of the system (7.1). And hence the estimate (7.6) follows from 
(7.3). The second estimate (7.7) follows by taking £(r) = /i(r)^ 1 for all r G 
[s,t\. □ 
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